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Introduction

= physical aspects of fluid flow are governed by
three principles
= mass is conserved
« force =mass” acceleration (Newton’s second law)
= energy is conserved (not considered in this lecture)
= principles can be described with integral equations or
partial differential equations
= in CFD, these governing equations are replaced by
discretized algebraic forms
= algebraic forms provide quantities at discrete points
in time and space, no closed-form analytical solution
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Numerical Solution - Overview =

Continuous Quantities

= X, Y,z -3D coordinate system
= t -time

= I (Xy,zt)-density
= Vv (Xy,zt)- velocity

= V(XY,zt)=(Uu(xyzt) v(xyzt), w(xyzt))"
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Governin System of Equation Approx
NINgL ! piscretization —» Algebraic | q 5| Approx.
Equations . Solver Solution
Equations
Navier-Stokes Finite Discrete Lax-Wendroff
Euler Difference Nodal MacCormack
Values
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Problem C

v (X,y,Z,t)
r (x,y,z,t)

v (X,y,z,t+Dt)
r (x,y,z,t+Dt)
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Substantial Derivative of r

= infinitesimally small fluid element moving with the flow

= (X4,¥1,27) - position at time t,
= ( X2,Y¥0,25) - position at time t,

= Vi(X1,Y1,Z00) = (U (XY1,208 )V (Xq.Y1,20.t )W (X3,Y1,208 )T
= Vo(XaY2,20,k) = (U (X2,Y2,20,1 ),V (Xo.¥2,20,k )W (X2,Y2:20,1 )T

U r1 (X1!y11211t1 )
= 1o (X2Y2,2,t)
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T
Substantial Derivative of r =
= Taylor series at point 1
- ILo VR Y- LA IRV - L S WO L
r2_r1 gﬂle( 2 X1) gﬂya(yz y1) gﬂzq( 2 1) gﬂt zl(tz t1)
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Substantial Derivative -

= substantial derivative of r
D_I’O L|1T_r+\/1T_r+W1T_r+1T_r
Dt X Ty 1z 1t

» substantial derivative = local derivative + convective derivative

B
D y y .
Dol vy n=gL I 1¢
Dt 1t X My fzg
= local derivative - time rate of change at a fixed location
= convective derivative - time rate of change due to fluid flow
= subst. derivative = total derivative with respect to time
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Divergence of v

= divergence of velocity v = time rate of change of the
volume dV of a moving fluid element per unit volume

Rz Ju, v fw_ 1 D(dv)
ix 9y 9z dv Dt
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Continuity Equation

= Mmass is conserved
= infinitesimally small fluid element moving with the flow
= fixed mass dm, variable volume dV, variable density r
dm=r >dV
= time rate of change of the mass of the moving fluid
element is zero
Ddm _D(r>dv)_ ., Dr  Ddv

Dt Dt Dt Dt
Dr 1 DdVv Dr ~
—+r ——=0 ® —+rNxv=0
Dt dv Dt Dt
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Continuity Equation =

Dr -
—+rNxv=0
Dt

bl N

substantial derivative- divergence of velocity -
time rate of change of time rate of change of volume
density of a moving of a moving fluid element per
fluid element volume
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Continuity Equation =

= motivation for conservation form
= infinitesimally small element at a fixed location
« mass flux through element
« difference of mass inflow and outflow = net mass flow
= net mass flow = time rate of mass increase

1
. . . o
Continuity Equation =
= non-conservation form (considers moving element)
Droirfiwv=o0
Dt
= Mmanipulation
Dr - r = @ r -
AN (I LT, +rN><v:ﬂ—+N><(rv)
Dt 1t 1t
= conservation form (considers element at fixed location)
ALY {rv)=0
it
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Ir .5
—+Rx(rv)=0
It
time rate of mass net mass flow
increase per volume per volume
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g u
omentum Equation =

= consider a moving fluid element
= physical principle: F = mxa (Newton’s second law)
= two sources of forces
= body forces
« gravity
« surface forces
« based on pressure distribution on the surface
= based on shear and normal stress distribution on the surface

due to deformation of the fluid element friction
—
fluid pressure | normal shear _Velocity

——

element stress stress
. —

lgravity velocity —
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Pressure Force -

= consider the x component

= pressure force ; .
acts orthogonal - -
to surface into pdy dz : (P TP/ Tx dx ) dy dz
the fluid element Bl Rl
Lody

= net pressure force in x direction

1
u
Body Force =
= f=Dbody force per unit mass
= gravity: f=dmyg /dm=g
® body force on fluid element
r f (dx dy dz) —————
fluid dy
i element
/// dz
dx
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Stress =

= normal stress -related to the time rate of change of volume
= shear stress -related to the time rate of change
of the shearing deformation
= tj - stress in k direction applied to a surface perpendicular
to the j axis
= t, - normal stress in x direction
= t,, Uy, - shear stresses in x directions
tyy
y = 7 7
—r ,/ ,/

X
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e = o
ap- gp+ﬂ—pdx pdy dz = - 1T—pdxdydz
g & ™ 4 Tx
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tress =

= normal stress is related to pressure orthogonal to surface
= shear stress is related to friction parallel to surface

= friction and pressure are related to the velocity gradient
« friction (shear stress) models viscosity (viscous flow)
= in contrast to inviscid flow, where friction is not considered

friction

—_—
pressure | normal shear
stress stress

; —_—
velocity ——
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Surface Forces in x

L —
1 (tyx+ﬂtyx/ﬂy b ez
- dz
DeleR : (p [r Tp/ Tx dx ) dy dz
-
t, dy dz ,:_ __________ (e #Jl L/ T dx) dy dz
R dx
ody +—
, t,, dxdz t,, not illustrated

- udydz

é Tp . &
F =& —=dxz,dydz+ + xxdx—-t
e gﬁp oA g

€
% X Zx
+ g I + it dy—- t yxudxdz+ % LY = dz—- t le(,dydz

szagm+11t_xx+ﬂ PP zdxdydz
x ™% Ty zg
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Momentum Equation in x

ma, = Fx
o Ty, T
r dxdydz2Y ¢ &b, My o ”—dxdydz+r f dxdydz
D ﬂx ﬂx ﬂy 1z
mass acceleration surface force body force
time rate of change pressure gravity
of velocity of a normal stress

moving fluid element shear stress

r%:_m.'.ﬂt_ﬂt_ﬂt_zx.'.r
Dt fx Tx Ty Iz b
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Momentum Equation

= Viscous flow, non-conversation form
= Navier-Stokes equations

DU E+ﬂt—>"<+1T ﬂt_zx+

rf,
Dt fx Tx Ty 9z

Dv_ fp T, T, T,

Dt Ty T™x Ty 9z s

rﬂv:_m+ﬂt_ﬂ+1T ﬂtZZ.H—f
Dt fz T™x T 1z
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Momentum Equation in x

= obtaining the conservation form of Navier-Stokes

r— o rﬂ—+rv>Nu
Dt 1t

M:rﬂ-;—uﬂ_r —_ rE:uﬂ_r_ ﬂ(ru)
1t Tt Tt 1t 1t Tt

Rr uv)=ulixr v)+(r v)Nu — (r v)Ru=Rxr uv)- ulr v)

 Du_t(r)_ e
or o @
COntII’\UIty equatlon

Du _1(ru)

S+ N v) +R{r uv) — 1 — ==

+Rxr uv)
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Newtonian Fluids -

= Newton: shear stress in a fluid is proportional
to velocity gradients

= most fluids can be assumed to be newtonian,
but blood is a popular non-newtonian fluid

um
Momentum Equation =
= Navier-Stokes equations in conservation form
ﬂ(l’ u) +N>(r uv) So E+ﬂt_>°<+ﬂt_y’<+ﬂt_zx+r f
fit ix X Ty 9z )
flr V)+N>(r vv)=- T My Ty My,
it fy ™ Ty 1z ’
ﬂ(l’ W)+N>(r WV):- E+ﬂt_xz+ﬂt_y‘+ﬂt_ﬂ+r f
it lz X Ty 1z ‘
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Perfect Gas =

= intermolecular forces are negligible
= R - specific gas constant

= T -temperature

= termal equation of state p=r RT
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= Stokes:
< fu < v < w
t, =l (v)+2m= t =1 {x)+2m— t, =1 (Rv)+2m—
x Ty 1z
é&fv  fuu éflu  Twq &fw  fvu
LON= (.= +—p t,=t, =ma—+—r2 t =t :mé—+—'
T "M Tyl T Tl e T T ey ]
= Mmis the molecular viscosity coefficient
= | is the second viscosity coefficient with | = -2/3 xm
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Momentum Equation in x

ﬂ(l’ u)+N>(r UV):_E+1“_XX+1“_VX+1“_ZX+|- f,
t ix ™ Ty 1z

= now,
p can be expressed using density and
t can be expressed using velocity gradients,
f, is user-defined (e. g. gravity)
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Governing Equations — m

Viscous Compressible Flow

= thus, four equations and four unknowns r, u, v, w
qr

—t N >(r V) =0 continuity equation
It

—ﬂ(:nu)*'N)(I’ UV):- E+ﬂt_>°<+ﬂt_y’<+ﬂt_zx+r f,

ix X Ty 1z s

1 V)+N>(r VV):_E+m_W+ﬂt_w+ﬂt_zv+r f £

it fy ™ Ty 1z A =

:

ﬂ(l’ W)+N>(r WV):_E+1“_XZ+1“_V‘+1“_ZZ+|' f, =
Tt Tz x Ty 1=
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Governing Equations —
Inviscid Compressible Flow

= Euler equations

11TT—r+ N >(r v) =0 continuity equation
t

A u) u)+l§|>(ruv)=-m+r f,
1t x S
(e V)+I§I>(r vv)=-m+rf §
it v '] 2
:
(e W)+N>(r wv)=-m+r £, °
It 1z
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Comments -+

on the Governing Equations

= coupled system of nonlinear partial differential equations

= normal and shear stress terms are functions of the
velocity gradients

= pressure is a function of the density

= only momentum equations are Navier-Stokes equations,
however the name is commonly used for the full set
of governing equations (plus energy equation)
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Governing Equations in m
o ||
Conservation Form

= can be obtained directly from a control volume fixed in
space

= consider flux of mass, momentum (and energy) into and
out of the volume

= have a divergence term which involves the flux of
mass (rv), momentuminx,y,z(ruv,rvv, rwv)

= can be expressed in a generic form

W, 6, H_

it Ix Ty 9z

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

Generic Form =

= viscous flow

Generic Form

= U - solution vector (to be solved for)
= F,G, H -flux vectors
= J -source vector (external forces, energy changes)
W_, IF JG ™
Tt ™x Ty 1z
= dependent flow field variables can be solved progressively
in steps of time (time-marching )

= spatial derivatives are know from previous time steps

= numbers can be obtained for density r and flux variables
ru, rv, rw
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&l 6 £ ru o} 3 v o} ® 2w o} 20 0

<';ru 9r uu+p-t, = Q 2uv-t : . uw-t, - §’>f_
u=6"Yr ¢ Plor g€ ° ERTI a T 367N

Srvi’ ¢ rwet, T Pwwrp-t, D Svwep-t, T GRf T

gr W r wu-tx p § 2wv-ty, §’>ww+ pP-t, 5 ?2f,5
= inviscid flow

gerc__) @ ru ¢ e v 0 ge?wg EON)
U=GrUs p_gruutps =g 2uv _ oG fuw s :g?fxT

Srvi Sorw I Covv+ p? Sovw+pl T G2f T

grw § rwu g § 2wy g?WW’f Po §°fzé
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Motivation for Different Forms -
L

of the Governing Equations

= in many real-world problems, discontinuous changes in
the flow-field variables r, v occur (shocks, shock waves)

= problem: differential form of the governing equations
assumes differentiable (continuous) flow properties

= simple 1-D shock wave: ry u;=r, u,

A Ua I U

| I

» X » X » X

= conservation form solves for ru, sees no discontinuity
= positive effect on numerical accuracy and stability
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Lax-Wendroff Technique =

= flow-field variables r, u, v, w are known at each discrete
spatial position ( x, y,z) attime t

= Lax-Wendroff computes all information at time t +Dt

= second-order accuracy in space and time

= explicit, finite-difference method
= particularly suited to marching solutions
= marching suited to hyperbolic, parabolic PDEs

= unsteady (time-dependent), compressible flow
is governed by hyperbolic PDEs
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Lax-Wendroff E'
Example

= 2D, inviscid flow, no body force, in non-conservation form

— =-glF —+U—+T —+V—=x
qt X x Ty Ty g
u & Tu u RTqr o
fu_ @fu, fu, RTIro
It x Ty r xg
\% & v v RTqr 0
_ @ v, v, RTIrQ
It x Ty r fyg
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Taylor Series Expansions =

= rt; - density at position (i, j ) and time t
= rf;, uty, v are known

Lt 2 ot 2
ro r o (Dt
r,‘ij‘=r|‘Y]+§éﬂ—+ Dt+aaT =T (o) +
it a it 3 2
Lt 2 .t 2
uo uo (Dt
uf:“=uf1+§1—+ Dt+?2; (ot) +
it a it a 2
Lt 2t 2
VO vo (Dt
V:,jm=v|t1+?1_+ +aﬂ121 ( ) v
it a it 3 2
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Taylor Expansion - Density

%y 'g't (pt)

2 =
t ﬂ,] 2

o 6
tqj

t+Dt

2
TP oo
(B

— it
r =r;;t

Dt + g’"

Al

= {r/fit can be replaced by spatial derivatives
given in the governing equations

T[—r:-?' T[_u+uﬂ_r+r ﬂ_v+vﬂ_rg

It x  1x Ty g

= using second-order central differences

t t t

Lt t t t t t
Séﬂr Q =_aarx u\+1.J-u\'1.J+u( rHl.J- r\71.1+rx \I\+1.j-\1\'1.j+vt r\*l.J- r\'l.J
eft g, é o 2Dx " 2Dx o 2Dy " 2Dy
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Taylor Expansion - Density

= T°r /1t 2 can be obtained by differentiating the governing
equation with respect to time

2 2 2, 2 A
LTI TR OO LR L PPN AV V% LAV G O 0 7

2
1°r o Ju e T 9 fv

e
=-gr =
it2 g Tt x ft Tt x it Tyt Ty Tt Tyt Ty it g

= mixed second derivatives can be obtained by differentiating
the governing equations with respect to a spatial variable,
e.g.
< f2u _ @ 7% _afue’ . TPu _ fufv RT &fr 8 RT 7% O
—_—=- u—2+(;—+ +V—-—t ——- e +——2;
fix{t ix* éfxg MWy Tyfx r eéfxg r X5

= brackets missing on pp. 219, 220 in Anderson’s book!

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

Taylor Expansion - Density

= ® TPr/t 2 can be computed using central differences for
spatial derivatives
= higher-order terms are required, e. g.
2 .t t t t
Hud _ Uy, 2ui,j UL
2+ = 2
&g, OF
t t t t
Uisgjor TUiigjor = Uiigjer = Wi

@fu o _
Ty g, 4DxDy

= ... U, Vv are computed in the same way
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MacCormack Technique =

= predictor step for density

._t t t t t t t t t

aar u\+1j- u\'l.J +ut rHl.J- r\'l.J +rt V\+1.j-V\'1.j +y! r - r

i+1) i-

2Dx " 2Dx " 2Dy " 2Dy

U“J‘D‘:ufj+g§|£9 Dt vit =y, aﬂ 9 Dt
’ voefta; ’ 'ﬂ a,
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1
: u
MacCormack Technique =
= same characteristics like Lax-Wendroff
= second-order accuracy in space and time
= requires only first time derivative
= predictor - corrector
= illustrated for density
[ Dt =t +aﬂl’ 0
i T i Qﬂ_t_
et g
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MacCormack Technique =
= corrector step for density
é_:‘”" .. é_ﬁm T - BT oo T30 - T | e T O oo TS0 T
a 2Dx 2Dx 2Dy 2Dy F
A 6" 1éar 8 Aoy
riP=rl +¢—= Dt=r/ + —ég—+ §—: aDt
' Toeftg v 2getg e, §

= corresponds to Heun scheme for ODEs

= other higher-order schemes, e. g. Runge-Kutta 2 or 4,
could be used as well
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Comments H

= Lax-Wendroff and MacCormack can be used for
unsteady flow
= non-conservation form
« conservation form
= viscous flow
« inviscid flow

= higher-order accuracy required to avoid numerical
dissipation, artificial viscosity, numerical dispersion

= note, that viscosity is represented by second partial
derivatives in the governing equations
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Numerical Effects =

= truncation error causes dissipation and dispersion

= numerical dissipation is caused by even-order terms
of the truncation error

= numerical dispersion is caused by odd-order terms

= leading term in the truncation error dominates the
behavior

Numerical Effects

= artificial viscosity compromises the accuracy, but
improves the stability of the solution

= adding artificial viscosity increases the probability of
making the solution less accurate, but improves
the stability

= similar to iterative solution schemes for implicit integration
schemes, where a smaller number of iterations introduces
“artificial viscosity”, but improves the stability

University of Freiburg - Institute of Computer Science - Computer Graphics Laboratory

L »x > X > X
original function dissipation dispersion
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Recent Research

Rigid Fluid: Animating the Interplay
Between Rigid Bodies and Fluid

Mark Carlson
Peter J. Mucha
Greg Turk

Georgia Institute of Technology

Sound FX by Andrew Lackey, M.P.S.E.

M. Carlson, P. J. Mucha, G. Turk, “Rigid Fluid: Animating the
Interplay Between Rigid Bodies and Fluid,” Siggraph 2004.

Recent Research -

"A Method for Animating
Viscoelastic Fluids"

Tolga G. Goktekin

Adam W. Bargteil
James F. O'Brien

ACM SIGGRAPH 2004

University of California, Berkeley

T. G. Goktekin, A. W. Bargteil, J. F. O'Brien,
“A Method for Animating Viscoelastic Fluids,” Siggraph 2004.




